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Abstract
We determine, up to 13 possible exceptions, the spectrum for {4}-GDDs with group-type
6um1. As an application, we construct a new class of Kirkman frames and use these to complete
the spectrum for incomplete nearly Kirkman triple systems INKTS(v; w) where v−w ≡ 0mod 12.
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1. Introduction
A group-divisible design (GDD) is a triple (X;G;B) where X is a set of points, G is
a partition of X into groups, and B is a collection of subsets of X called blocks such
that any pair of distinct points from X occurs either in some group or in exactly one
block, but not both. A K-GDD of type gu11 g
u2
2 : : : g
us
s is a GDD in which every block has
size from the set K and in which there are ui groups of size gi; i=1; 2; : : : ; s. We may
also say K-GDD of type S, where S is the multiset consisting of ui copies of gi; i =
1; 2; : : : ; s. In three recent papers Ge et al. [7–9] began an investigation into the problem
of determining the spectrum for {4}-GDDs of type gum1. (The corresponding problem
for block size three had been solved by Colbourn et al. [2].) Although signi>cant
progress was made, much remains to be done, particularly in the case where gu is
odd. In this paper, we focus our attention on the case g= 6. It is easy to see that the
necessary conditions for the existence of a {4}-GDD of type 6um1 are that u¿ 4; m ≡
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0mod 3 and 06m6 3u − 3; (u; m) = (4; 0). The following results can be found in
[8,9,4].
Theorem 1.1 (Ge et al. [9, Theorem 3.1(i)]). Let u¿ 4. There exist {4}-GDDs of
types 6u01 and 6u(3u− 3)1, except that there is no {4}-GDD of type 6401. There is
a {4}-GDD of type 6431.
Lemma 1.2 (Deng et al. [4, Lemma 3.5]). There exists a {4}-GDD of type 6u31 for
every u¿ 4, except possibly for u∈{10; 11; 12; 13; 14; 15; 17; 18; 19; 23}.
Lemma 1.3 (Ge et al. [9, Lemma 2.6]). There exists a {4}-GDD of type 6u91 for
every u¿ 4, except possibly for u∈{10; 12; 13; 14; 15; 17; 18; 19; 23}.
Theorem 1.4 (Ge and Rees, [8, Theorem 2.1]). Let u ≡ 0mod 4; u¿ 16. Then there
exists a {4}-GDD of type 6um1 for every m ≡ 0mod 3 with 06m6 3u− 3.
Theorem 1.5 (Ge and Rees [8, Theorem 4.6]). There exists a {4}-GDD of type 6um1
for every u¿ 68 and every m ≡ 0mod 3 with 06m6 3u− 3.
In this paper we will prove the following result.
Theorem 1.6. There exists a {4}-GDD of type 6um1 for every u¿ 4 and m ≡ 0mod 3
with 06m6 3u−3 except for (u; m)=(4; 0) and except possibly for (u; m)∈{(7; 15),
(11; 21); (11; 24), (11; 27); (13; 27); (13; 33); (17; 39), (17; 42), (19; 45); (19; 48); (19; 51),
(23; 60); (23; 63)}.
We remark that the spectrum for {4}-GDDs of type gum1 has been completely settled
by Rees and Stinson [12] for the cases g= 1 or 3.
A group divisible design (X;G;B) is called resolvable if its block set B admits a
partition into parallel classes, each parallel class being a partition of the point set X .
A resolvable {3}-GDD of type 2v=2 is called a nearly Kirkman triple system NKTS(v).
It is well known that an NKTS(v) exists if and only if v ≡ 0mod 6 and v¿ 18
(see e.g. [14]). An incomplete nearly Kirkman triple system INKTS(v; w) (X; Y;G;B)
consists of a v-set X together with a w subset Y ⊆ X (Y is called the hole), where
v ≡ w ≡ 0mod 6 and v¿ 3w, together with a partition G of X \ Y into pairs (i.e.
groups of size 2) and a collection B of 3-subsets of X (blocks) such that
(i) any pair of distinct points from X that are not both in Y occurs either in some
group or in exactly one block, but not both,
(ii) for every block B∈B; |B ∩ Y |6 1, and
(iii) B admits a partition into (v− w)=2 parallel classes on X together with a further
(w − 2)=2 holey parallel classes, each holey parallel class being a partition of
X \ Y .
Note that, provided that w¿ 18, one can construct an NKTS(w) on the hole in an
INKTS(v; w) and so obtain an NKTS(v) containing an NKTS(w) as a subsystem
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(i.e. each parallel class in the NKTS(w) forms a part of some parallel class in the
NKTS(v)). The spectrum for INKTS(v; w) has been the subject of investigation in
some recent works (see [3–5]):
Theorem 1.7. (i) There exists an INKTS(v; w) for every v ≡ w ≡ 0mod 6 with
w¿ 378 and v¿ 3:5w.
(ii) There exists an INKTS(v; w) for every v ≡ w ≡ 0mod 6 with 66w6 372 and
v¿ 3w with 31 possible exceptions, two of which have v − w ≡ 0mod 12 (namely
(v; w) = (300; 96) or (336,108)).
As an application of Theorem 1.6, we will complete the spectrum for INKTS(v; w)
in the case that v− w ≡ 0mod 12:
Theorem 1.8. There exists an INKTS(v; w) for every v ≡ w ≡ 0mod 6 with w¿ 6;
v¿ 3w and v− w ≡ 0mod 12.
To this end we will require the following concept. A GDD (X;G;B) is called frame
resolvable if its block set B can be partitioned into holey parallel classes, each holey
parallel class being a partition of X \ G for some group G ∈G. The groups in a
frame resolvable GDD are usually referred to as holes. A frame resolvable {3}-GDD
is called a Kirkman frame. The spectrum for uniform Kirkman frames was established
by Stinson [15].
Theorem 1.9. There exists a Kirkman frame of type ts if and only if s¿ 4; t is even
and t(s− 1) ≡ 0mod 3.
Before proceeding to prove Theorem 1.6 we will require some further discussion.
An incomplete group-divisible design (IGDD) is a quadruple (X; Y;G;B) where X is
a set of points, Y is a subset of X (called the hole), G is a partition of X into groups,
and B is a collection of subsets of X (blocks) such that
(i) for each block B∈B; |B ∩ Y |6 1, and
(ii) any pair of points from X which are not both in Y occurs either in some group
or in exactly one block, but not both.
A K-IGDD of type (g1; h1)u1 (g2; h2)u2 : : : (gs; hs)us is an IGDD in which every block
has size from the set K and in which there are ui groups of size gi, each of which
intersects the hole in hi points, i= 1; 2; : : : ; s. We may also refer to this as a K-IGDD
of type S, where S is the multiset consisting of ui copies of (gi; hi); i=1; 2; : : : ; s. We
will use the following construction for {4}-IGDDs (see e.g. [13]).
Construction 1.10. Let (X; Y;G;B) be a K-IGDD of type S, and let w :X → Z and
d :X → Z be functions with w(x)¿d(x)¿ 0 for all x∈X . Suppose that for each
block B∈B there is a {4}-IGDD of type {(w(x); d(x)): x∈B}, and that there is a
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{4}-IGDD of type {(∑x∈G∩Y w(x);
∑
x∈G∩Y d(x)): G ∈G}. Then there is a {4}-IGDD
of type {(∑x∈G w(x);
∑
x∈G d(x)): G ∈G}.
Remark. By setting Y=∅ and d(x)=0 for all x∈X , we obtain the well-known Wilson’s
fundamental construction (WFC) for GDDs, see e.g. [1, III.2.1, Theorem 2.5].
A double group-divisible design (DGDD) is a quadruple (X;H;G;B) where X is a
set of points, H and G are partitions of X (into holes and groups, respectively) and
B is a collection of subsets of X (blocks) such that
(i) for each block B∈B and each hole H ∈H; |B ∩ H |6 1, and
(ii) any pair of distinct points from X which are not in the same hole occurs either
in some group or in exactly one block, but not both.
A K-DGDD of type (g1; hv1)
u1 (g2; hv2)
u2 : : : (gs; hvs)
us is a DGDD in which every block
has size from the set K and in which there are ui groups of size gi, each of which
intersects each of the v holes in hi points. (Thus, gi = hiv for i= 1; 2; : : : ; s. Not every
DGDD can be expressed this way, of course, but this is the most general type that
we will require.) A DGDD is called resolvable if its block set admits a partition into
parallel classes.
We will use DGDDs in the following context. Let G be a graph. A triangle factor
in G is a vertex disjoint set of triangles (K3s) that spans G. The following “doubling
construction” for triangle factors is due to Rees (see e.g. [14]).
Construction 1.11. Suppose that the graph G admits an edge-decomposition into an
even number 2t of triangle-factors. Then the graph G ⊗ I2 admits an edge-decom-
position into 4t triangle-factors.
Corollary 1.12. Let v be an odd positive integer. Then there exists a resolvable
{3}-DGDD of type (2v; 2v)3.
Proof. As v is odd there exist two orthogonal Latin squares of side v, i.e. an edge-
decomposition of Kv;v;v into triangle factors. Let H be the graph formed by one of
these triangle factors and let G = Kv;v;v \ H . Now apply Construction 1.11 (the holes
in the resulting DGDD are formed by the graph H ⊗ I2).
Finally, we will make use of the following result [12, Lemma 3.11].
Lemma 1.13. Suppose that there exists a TD(6; n) and that n6w6 2n. Then there
exists a {4}-GDD of type (3n)4(6n)1(3w)1.
2. {4}-GDDs of type 6um1—direct constructions (u6 12)
The proof of Theorem 1.6 involves the direct construction of some 110 designs. Of
these, only 19 are “essential” in that they are required in the recursive constructions
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of larger designs. Thus, in this section, we will give explicit presentations for these 19
essential designs; of the remaining 91 designs, seven are constructed in Sections 3 and
4, while 84 of them (all with 136 u6 23) can be found at the Web site [16].
Lemma 2.1. There exists a {4}-GDD of type 6um1 for (u; m)∈{(8; 12); (8; 15); (9; 12);
(10,3), (10,9), (10,12), (10,15), (10,18), (10,21), (10,24), (11,3), (11,12), (11,15),
(11,18), (12,3), (12,9), (12,12), (12,18), (12; 21)}.
Proof. In each case the design is constructed on Z6u ∪ M , where the group set is
{{0; u; 2u; 3u; 4u; 5u}+ i: 06 i6 u− 1} ∪ {M}. The design is obtained by developing
the elements of Z6u in the given base blocks +1 or +2mod 6u, as indicated, where
the subscripts on the elements x0 ∈{x} × Zn in M are developed modulo the unique
subgroup in Z6u of order n.
68121:
+2mod 48; M = {a; b} × Z6
2 7 24 43 2 11 22 a0 12 27 42 b0
1 2 5 47 4 27 0 a0 1 14 20 b0
1 36 38 0 8 33 42 a0 7 34 41 b0
1 19 29 a0 11 16 33 b0
68151:
+1mod 48; M = ({a} × Z12) ∪ ({b} × Z3)
1 12 37 46 4 11 37 a0 6 34 36 a0
9 15 44 a0 2 19 29 a0 1 2 6 b0
69121:
+1mod 54; M = ({a} × Z9) ∪ ({b} × Z3)
1 47 50 0 9 25 49 a0 8 33 39 a0
1 3 16 36 1 11 23 a0 1 12 29 b0
61031:
+1mod 60; M = {a} × Z3
1 37 45 56 1 13 40 55 1 24 33 59
1 2 5 48 1 8 30 a0
61091:
+1mod 60; M = ({a} × Z6) ∪ ({b} × Z3)
1 14 32 38 1 12 56 57 1 28 40 47
6 14 23 a0 3 25 28 a0 1 3 29 b0
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610121:
+2mod 60; M = {a; b} × Z6
1 3 25 29 9 27 32 a0 3 9 10 b0
1 10 26 49 2 6 35 a0 2 5 48 b0
2 28 40 49 7 24 52 a0 1 16 47 b0
1 4 45 56 1 34 53 a0 6 8 19 b0
2 3 38 56
610151:
+1mod 60; M = ({a} × Z12) ∪ ({b} × Z3)
1 5 13 24 1 25 54 0 10 19 32 a0
12 28 33 a0 1 15 18 a0 2 17 35 a0
1 3 29 b0
61018:
+2mod 60; M = ({a} × Z15) ∪ ({b} × Z3)
1 6 17 48 2 10 11 37 1 2 7 14
20 23 34 a0 1 38 44 a0 5 19 46 a0
7 25 29 a0 18 22 43 a0 21 24 40 a0
28 30 56 a0 3 15 32 a0 6 42 57 a0
9 17 41 a0 1 3 24 b0 16 23 38 b0
610211:
+1mod 60; M = ({a} × Z15) ∪ ({b} × Z6)
1 12 24 30 13 20 59 a0 12 17 53 a0
6 31 34 a0 3 54 55 a0 7 11 45 a0
2 18 45 b0 1 46 59 b0
610241:
+2mod 60; M = ({a} × Z15) ∪ ({b} × Z6) ∪ ({c} × Z3)
2 37 50 59 8 35 46 a0 19 23 25 a0
11 40 57 a0 6 34 39 a0 2 3 15 a0
17 22 26 a0 12 48 51 a0 24 43 50 a0
1 29 37 a0 14 58 0 a0 6 12 27 b0
10 35 53 b0 1 16 45 b0 19 38 56 b0
2 9 10 c0 1 24 35 c0
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61131:
+2mod 66; M = {a} × Z3
2 9 19 23 1 8 26 28 1 6 58 59
2 49 52 64 1 7 44 49 2 5 17 45
2 26 32 60 1 30 40 65 1 2 21 51
3 24 37 a0 2 28 59 a0
611121:
+1mod 66; M = {a; b} × Z6
1 31 43 57 1 2 19 22 1 36 61 63
5 37 52 a0 2 30 39 a0 2 10 15 b0
5 12 55 b0
611151:
+2mod 66; M = {a; b; c; d; e} × Z3
1 5 31 55 2 14 62 0 2 29 36 44
2 33 38 51 1 7 65 0 4 47 60 a0
3 32 49 a0 1 28 53 b0 6 44 63 b0
2 22 31 c0 6 21 53 c0 2 5 43 d0
3 6 46 d0 6 41 51 e0 1 46 62 e0
611181:
+1mod 66; M = {a; b; c} × Z6
1 28 31 43 1 3 9 19 5 12 58 a0
2 45 49 a0 3 17 52 b0 2 30 31 b0
4 44 65 c0 1 33 42 c0
61231:
+1mod 72; M = {a} × Z3
1 36 50 67 1 20 47 63 1 34 62 66
1 22 23 31 1 16 19 21 1 14 39 a0
61291:
+1mod 72; M = {a} × Z9
1 36 47 56 1 9 52 54 1 59 69 0
1 16 32 50 3 36 43 a0 5 11 33 a0
1 26 31 a0
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612121:
+2mod 72; M = {a} × Z12
2 12 41 63 1 17 62 69 1 42 50 56
2 3 22 43 1 3 9 18 2 24 49 67
2 39 42 44 5 51 64 a0 24 57 58 a0
11 21 49 a0 20 36 39 a0 19 46 61 a0
6 41 55 a0 2 28 56 a0 14 18 23 a0
612181:
+2mod 72; M = ({a; b} × Z6) ∪ ({c; d} × Z3)
2 4 53 63 1 30 36 51 2 5 13 59
1 40 41 45 2 10 20 60 6 35 62 a0
10 40 49 a0 9 51 68 a0 5 36 43 a0
4 51 56 b0 9 61 67 b0 5 14 60 b0
10 35 54 b0 9 46 65 c0 1 8 42 c0
2 25 70 d0 3 5 6 d0
612211:
+1mod 72; M = ({a} × Z18) ∪ ({b} × Z3)
1 4 29 55 1 17 40 69 17 25 67 a0
4 11 45 a0 6 12 21 a0 8 69 70 a0
1 18 20 a0 10 23 68 a0 1 6 38 b0
This completes the proof of Lemma 2.1.
We now establish the existence of the designs that will be required for the recursive
constructions in Section 3.
Lemma 2.2. Let 46 u6 12. There exists a {4}-GDD of type 6um1 for all m ≡
0mod 3 with 06m6 3u − 3, except for (u; m) = (4; 0) and except possibly for
(u; m)∈{(7; 15); (11; 21); (11; 24); (11; 27)}.
Proof. From Theorem 1.1 and Lemmas 1.2, 1.3 and 2.1, it suLces to consider (u; m)∈
{(6; 12); (7; 12), (8; 18); (9; 15); (9; 18); (9; 21); (12; 15); (12; 24); (12; 27); (12; 30)}. Now
{4}-GDDs of types 66121 and 68181 can be found in [9,4], respectively, while {4}-
GDDs of types 69151, 612151 and 612241 can be obtained by applying the WFC (with
weight 3) to {4}-GDDs of types 2951, 21251 (see [1, III.1.3, Theorem 1.33]) and 21281
(see [8, Theorem 2.5]), respectively. We get {4}-GDDs of types 612271 and 612301
by starting with a {4}-GDD of type 244 and adjoining either x = 3 or 6 ideal points,
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>lling in {4}-GDDs of type 64x1 on three of the four groups of size 24 together with
the ideal points. Finally, we obtain {4}-GDDs of types 67121; 69181 and 69211 by
applying Corollary 1.12, as follows. For 67121 we take v = 7 and adjoin 12 in>nite
points, each one completing a parallel class of triples, and then construct a {4}-GDD
of type 27 on each of the groups in the original DGDD. Similarly, for 69181 and
69211 we take v=9 and adjoin 16 in>nite points; then adjoin a further x=2 or 5 ideal
points and on each of the groups in the original DGDD together with the ideal points
construct a {4}-GDD of type 29x1.
3. {4}-GDDs of type 6um1; u¿ 24
In this section, we prove that for each u¿ 24 and each m ≡ 0mod 3 with 06m6
3u − 3 there exists a {4}-GDD of type 6um1. By Theorems 1.1, 1.4 and 1.5 and
Lemmas 1.2 and 1.3 we may assume that u ≡ 1; 2 or 3mod 4; 256 u6 67 and
126m6 3u − 6. We will rely heavily on the following special case of Construction
1.10 (see [8, Theorem 4.2]).
Theorem 3.1. Let (X;G;B) be a {5; 6}-GDD with G = {G1; G2; : : : ; Gs}. Then for
every sequence n1; n2; : : : ; ns of integers with 06 ni6 |Gi|; i = 1; 2; : : : ; s, there is a
{4}-IGDD of type {(6|Gi|+ 3ni; 3ni): i = 1; 2; : : : ; s}.
To construct our {4}-GDDs from {4}-IGDDs we will use the following result (see
[8, Construction 4.3]).
Construction 3.2. Let (X; Y;G;B) be a {4}-IGDD of type (g1; h1)u1 (g2; h2)u2 : : :
(gs; hs)us and let a¿ 0. Suppose that for each i = 1; 2; : : : ; s there is a {4}-GDD
with a + gi points having a group of size a and a group of size hi. Then there is
a {4}-GDD with a +∑i uigi points having a group of size a and a group of size∑
i uihi.
Corollary 3.3. Suppose that there exists a {5; 6}-GDD (X;G;B) on v points with
group sizes from the set {4; 5; 7; 8; 9; 11}. Then for each m ≡ 0mod 3 with 06m6 3v
there exists a {4}-GDD of type 6v+1m1.
Proof. Let G={G1; G2; : : : ; Gs} and write m=3(n1+n2+ · · ·+ns) where 06 ni6 |Gi|
for each i = 1; 2; : : : ; s. By Theorem 3.1 there is a {4}-IGDD of type {(6|Gi| +
3ni; 3ni): i = 1; 2; : : : ; s}. Now adjoin a= 6 ideal points to this IGDD and apply Con-
struction 3.2, constructing on the ith group together with the ideal points a {4}-GDD
of type 6|Gi|+1(3ni)1, which exists by Lemma 2.2. The result is a {4}-GDD of type
6v+1m1, as desired.
Remark. Under the hypothesis of Corollary 3.3 we can allow one further group G ∈G
with size from the set {3; 6; 10; 12} and get the same conclusion, as follows. Write
m= 3(n1 + n2 + · · ·+ ns + n) as above, where n= 0 or |G| (unless |G|= 3, in which
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Table 1
u {5; 6}-GDD of type Source
25,26 46; 55 (25,5,1)-BIBD
29,30,31 5531; 5541; 56 TD(6,5)
37 4781 Resolvable (28,4,1)-BIBD
39,41,42,43 7531; 7551; 7561; 76 TD(6,7)
45,46,47,49 8541; 8551; 8561; 86 TD(6,8)
50,51,53,54,55 9541; 9551; 9571; 9581; 96 TD(6,9)
57 41281 (57; {5; 9∗})-PBD [10]
59,61,62,63,65, 11531; 11551; 11561; 11571; 11591, TD(6,11)
66,67 115101; 116
case we take n=1 or 3). On the group in the IGDD corresponding to G together with
the ideal points we construct a {4}-GDD of type 6|G|+1(3n)1 (see Theorem 1.1). This
works because n¡
∑s
i=1 ni.
Lemma 3.4. Let U={n: n ≡ 1; 2 or 3mod 4 and 256 n6 67}\{27; 33; 34; 35; 38; 58}.
Then for each u∈U there exists a {4}-GDD of type 6um1 for every m ≡ 0mod 3
with 06m6 3u− 3.
Proof. We apply Corollary 3.3 and the remark following it, exhibiting for each u∈U
a {5; 6}-GDD on v = u− 1 points with group sizes from the set {3; 4; : : : ; 12} having
at most one group with size from the set {3; 6; 10; 12} (see Table 1).
There remain the values u∈{27; 33; 34; 35; 38; 58} to deal with.
Lemma 3.5. Let u∈{35; 38; 58}. Then for each m ≡ 0mod 3 with 06m6 3u − 3
there exists a {4}-GDD of type 6um1.
Proof. We begin with u = 38. Take a TD(6,7) and remove 5 points from a block
to obtain a {5; 6}-GDD of type 6571. It is not diLcult to see that we can write
m = 3(n1 + n2 + · · · + n5 + n6) where ni ∈{0; 1; : : : ; 6} \ {5} for i = 1; 2; : : : ; 5 and
06 n66 7. Now by Theorem 3.1 there is a {4}-IGDD of type {(36 + 3ni; 3ni): i =
1; 2; : : : ; 5} ∪ {(42 + 3n6; 3n6)}. Adjoin a = 6 ideal points to this IGDD and apply
Construction 3.2, >lling in {4}-GDDs of types 67(3ni)1; i = 1; 2; : : : ; 5 and 68(3n6)1
(Lemma 2.2).
Now we consider u = 35. Take a TD(5,7) and remove one point to obtain a
{5; 7}-GDD of type 4761. (Note that the blocks of size 7 form a holey parallel class
with respect to the group of size 6.) Provided that m = 99 we can write m = 3(b1 +
b2 + b3 + b4 + n) where bi ∈{0; 1; 7} for i = 1; 2; 3; 4 and n∈{0; 1; : : : ; 6} \ {5}. Now
apply Construction 1.10 to this GDD (Y = ∅ here) as follows. For each i=1; 2; 3; 4 set
(w(x); d(x))=(9; 3) for bi points on the ith block of size 7 and set (w(x); d(x))=(6; 0)
for the remaining 7−bi points on that block. Then set (w(x); d(x))=(9; 3) for n points
on the group of size 6 and set (w(x); d(x)) = (6; 0) for the remaining 6 − n points
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on that group. All required {4}-IGDDs with 5 groups exist by [13,11], while the re-
quired {4}-IGDDs with 7 groups (namely, types 67; 6691 and (9; 3)7) exist by Lemma
2.2 and Theorem 1.9 (a {4}-IGDD of type (9; 3)7 is equivalent to a Kirkman frame
of type 67, see e.g. [15]). The result is a {4}-IGDD of type {(24 + 3ni; 3ni): i =
1; 2; : : : ; 7} ∪ {(36 + 3n; 3n)} where 06 ni6 4 for each i = 1; 2; : : : ; 7. Now adjoin
a = 6 ideal points to this IGDD and apply Construction 3.2, >lling in {4}-GDDs of
types 65(3ni)1; i = 1; 2; : : : ; 7 and 67(3n)1 (Lemma 2.2) to obtain a {4}-GDD of type
635(
∑7
i=1 3ni+3n)
1 ≡ 635(∑4i=1 3bi+3n)1 ≡ 635m1, as desired. For m=99 we adjoin
9 ideal points to a {4}-GDD of type 307901 ([9, Theorem 3.1(i)]) and construct a
{4}-GDD of type 6591 (Lemma 2.2) on each group of size 30 together with the ideal
points.
Finally, we consider u=58. Take a TD(6,10)-TD(6,2) and remove three points from
a group (including the two points contained in the hole) to obtain a {5; 6}-IGDD of
type (10; 2)571. Now write m= 3(n1 + n2 + n3 + n4 + n5 + n) where ni ∈{0; 2}; n1 =
n2 = n3 = n46 n5 and n∈{0; 1; : : : ; 7} if 06m6 30; while ni ∈{2; 10}; i=1; 2; 3; 4; 5
and n∈{0; 1; : : : ; 7} if 336m6 171. Now apply Construction 1.10 to this IGDD as
follows. For each i = 1; 2; 3; 4; 5 assign (w(x); d(x)) = (9; 3) to ni points on the ith
group of size 10, including the two points contained in the hole if ni¿ 2, and set
(w(x); d(x)) = (6; 0) for the remaining 10 − ni points on that group. Then assign
(w(x); d(x)) = (9; 3) to n points on the group of size 7 and set (w(x); d(x)) = (6; 0)
for the remaining 7 − n points on that group. All required {4}-IGDDs with 5 or 6
groups exist in [11,13], while the required {4}-IGDDs used to construct on the hole
(namely, types 125; 124181 and (18; 6)5) exist in [9, Theorem 3.1(i)] and Theorem
1.9 (a {4}-IGDD of type (18; 6)5 is equivalent to a Kirkman frame of type 125).
The result is a {4}-IGDD of type {(60 + 3ni; 3ni): i = 1; 2; 3; 4; 5} ∪ {(42 + 3n; 3n)}
where ni ∈{0; 2; 10} for each i = 1; 2; 3; 4; 5. Now adjoin a= 6 ideal points and apply
Construction 3.2, >lling in {4}-GDDs of types 611(3ni)1; i = 1; 2; 3; 4; 5 and 68(3n)1
(Lemma 2.2).
This completes the proof of Lemma 3.5.
Lemma 3.6. Let u∈{27; 33; 34}. Then for each m ≡ 0mod 3 with 06m6 3u − 3
there exists a {4}-GDD of type 6um1.
Proof. We begin with u = 27. A {4}-GDD of type 627121 can be obtained by con-
structing a {4}-GDD of type 67121 on the group of size 54 in a {4}-GDD of type
620541 (Theorem 1.4), while a {4}-GDD of type 627151 can be obtained by applying
the WFC (with weight 3) to a {4}-GDD of type 22751 (see [1, III.1.3, Theorem 1.33]).
A {4}-GDD of type 627751 is obtained by adjoining 21 ideal points to a {4}-GDD
of type 544 and constructing a {4}-GDD of type 69211 on each of three of the four
groups of size 54 together with the ideal points. Now let 306m6 72. Take a TD(6,5)
and apply the WFC, using weight 6 on each point in the >rst four groups and on each
of 3 points on the >fth group, weight 12 on each of the remaining 2 points on the >fth
group and weight 6, 9 or 12 on each of the points on the sixth group. Noting that there
exist {4}-GDDs of types 66; 6591; 65121; 6491121 and 64122 (see [8, Lemma 1.3] and
Lemma 2.2) the result is a {4}-GDD of type 304421(30 + 3n)1 where n can take any
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value between 0 and 10. Now adjoin x ideal points to this GDD, x∈{0; 3; 6; 9; 12};
on each of the >rst four groups of size 30 together with the ideal points construct a
{4}-GDD of type 65x1, and on the group of size 42 together with the ideal points
construct a {4}-GDD of type 67x1 (Lemma 2.2). The result is a {4}-GDD of type
627(30+3n+ x)1 where m=30+3n+ x can take on any value congruent to 0 modulo
3 between 30 and 72, as desired. Finally we must consider m∈{18; 21; 24; 27}. For
these values of m we have the following direct constructions. The construction method
in each case is identical to that described in Lemma 2.1.
627181:
+1mod 162; M = {a; b; c} × Z6
1 62 117 160 1 19 118 148 1 38 156 158 1 85 91 111
1 32 36 70 1 49 57 154 1 2 23 96 1 14 33 80
1 50 103 127 1 13 24 147 6 47 151 a0 2 76 135 a0
4 91 116 b0 3 54 125 b0 5 75 157 c0 6 20 82 c0
627211:
+2mod 162; M = {a; b; c; d; e; f; g} × Z3
2 43 45 145 2 51 79 104 2 30 55 65 2 68 143 148
1 23 87 98 1 19 112 133 2 46 113 117 2 63 96 128
1 27 58 157 2 66 106 140 2 10 102 116 2 14 40 44
1 69 113 147 1 91 134 152 1 67 106 116 1 43 125 160
2 57 74 80 1 127 139 140 2 39 109 161 6 7 52 a0
3 23 32 a0 4 80 89 b0 6 39 97 b0 6 21 127 c0
2 142 149 c0 1 38 117 d0 5 148 150 d0 2 15 22 e0
1 60 155 e0 5 19 108 f0 3 82 134 f0 4 9 97 g0
2 41 114 g0
627241:
+1mod 162; M = ({a} × Z18) ∪ ({b} × Z6)
1 12 13 27 1 21 38 98 1 52 139 157 1 39 119 123
1 37 65 133 1 35 43 102 1 91 120 161 1 40 153 156
1 26 84 100 13 130 143 a0 15 50 156 a0 3 92 115 a0
1 77 108 a0 11 16 64 a0 6 116 135 a0 18 65 158 b0
1 63 154 b0
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627271:
+2mod 162; M = ({a} × Z9) ∪ ({b; c; d; e; f; g} × Z3)
2 7 23 157 1 32 75 94 2 15 131 141 1 123 125 126
2 70 108 123 1 10 58 160 2 73 135 143 2 34 81 99
2 36 146 0 2 46 60 136 1 16 139 152 1 61 81 159
1 23 76 154 1 43 73 144 1 7 18 111 2 32 61 109
2 26 100 122 3 38 71 a0 5 52 122 a0 7 51 118 a0
8 31 127 a0 6 63 119 a0 4 156 0 a0 6 13 45 b0
5 92 142 b0 6 14 69 c0 1 64 137 c0 4 121 146 d0
3 17 54 d0 5 64 81 e0 8 90 91 e0 2 42 91 f0
3 64 131 f0 1 6 122 g0 3 53 130 g0
Next we consider u = 33. For m = 12, 15 or 18 we construct a {4}-GDD of type
68m1 (Lemma 2.2) on the group of size 48 + m in a {4}-GDD of type 625(48 + m)1
(Lemma 3.4). For 216m6 75 we start with a TD(6,7) and remove two points from
a group to obtain a {5; 6}-GDD of type 5175. Apply the WFC, using weight 6 on
each point in the group of size 5 and on each point in the >rst four groups of size 7,
and weight 3, 6 or 9 on each of the points in the >fth group of size 7. Noting that
there exist {4}-GDDs of types 6431; 65; 6491, 6531; 66 and 6591 (Lemma 2.2) the
result is a {4}-GDD of type 301424(21+3n)1 where n can take on any value between
0 and 14. Now adjoin x points to this GDD, x∈{0; 3; 6; 9; 12}; on the group of size
30 together with the ideal points construct a {4}-GDD of type 65x1, and on each of
the >rst four groups of size 42 together with the ideal points construct a {4}-GDD of
type 67x1 (Lemma 2.2). The result is a {4}-GDD of type 633(21 + 3n + x)1 where
m = 21 + 3n + x can take on any value congruent to 0 modulo 3 between 21 and
75, as desired. For m = 78 or 81 adjoin 12 or 15 ideal points to a {4}-GDD of
type 664 and construct a {4}-GDD of type 611121 or 611151 (Lemma 2.2) on each of
three of the groups of size 66 together with the ideal points. Finally, for m= 84, 87,
90, 93, start with a resolvable (28,4,1)-BIBD and adjoin 4 in>nite points to yield a
{4; 5}-GDD of type 4741 in which every point in the last group of size 4 is contained
only in blocks of size 5. Apply Construction 1.10 to this GDD (Y =∅ here), assigning
(w(x); d(x)) = (9; 3) to each point in the GDD except for 32− m=3 points on the last
group of size 4, which get assigned (w(x); d(x)) = (6; 0). The required {4}-IGDDs
with 5 groups exist in [11,13], while a {4}-IGDD of type (9; 3)4 is equivalent to a
Kirkman frame of type 64, which exists by Theorem 1.9. The result is a {4}-IGDD of
type (24 + 12; 12)7(24 + (m − 84); (m − 84))1. Now adjoin a = 6 ideal points to this
IGDD and apply Construction 3.2, >lling in {4}-GDDs of type 65121 and 65(m− 84)1
(Lemma 2.2).
Finally, we consider u=34. For m=12, 15 or 18 construct a {4}-GDD of type 69m1
on the group of size 54+m in a {4}-GDD of type 625(54+m)1 (compare to u=33).
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For 216m6 75 we proceed as in the case u= 33, starting instead by removing one
point from a TD(6,7) to obtain a {5; 6}-GDD of type 6175; for 846m6 96 we proceed
as in the case u=33; 846m6 93, starting instead by adjoining 5 in>nite points to a
resolvable (28,4,1)-BIBD to get a {4; 5}-GDD of type 4751 in which every point in the
group of size 5 is contained only in blocks of size 5. For m= 78 proceed as follows.
Take a TD(5,7) and remove one point to obtain a {5; 7}-GDD of type 4761 (see the
case u= 35 in Lemma 3.5). Apply Construction 1.10, setting (w(x); d(x)) = (6; 0) for
all points on one of the blocks of size 7 and for one point on the group of size 6,
and setting (w(x); d(x)) = (9; 3) for all remaining points in the GDD. The result is a
{4}-IGDD of type (33; 9)7(51; 15)1. Now apply Construction 3.2 with a= 0, >lling in
{4}-GDDs of types 6491 and 66151 to yield a {4}-GDD of type 634781, as desired.
Finally, we have the following direct construction for m=81. (The construction method
is identical to that described in Lemma 2.1.)
634811:
+1mod 204; M = ({a} × Z51) ∪ ({b} × Z12) ∪ ({c; d} × Z6) ∪ ({e; f} × Z3)
1 56 63 66 1 26 116 157 1 5 19 80 6 102 165 a0
44 116 198 a0 17 32 75 a0 23 70 161 a0 15 21 118 a0
5 85 149 a0 13 89 181 a0 1 18 31 a0 3 178 202 a0
7 61 179 a0 4 53 73 a0 33 60 86 a0 42 101 113 a0
48 132 143 a0 29 37 148 a0 39 40 138 a0 20 43 180 a0
18 141 183 b0 10 136 157 b0 5 14 187 b0 23 140 192 b0
31 101 184 c0 27 104 198 c0 12 112 200 d0 17 19 57 d0
1 29 75 e0 24 172 191 f0:
This completes the proof of Lemma 3.6.
Collecting Lemmas 3.4–3.6 now yields the main result of this section:
Theorem 3.7. For each u¿ 24 and each m ≡ 0mod 3; 06m6 3u− 3 there exists a
{4}-GDD of type 6um1.
4. {4}-GDDs of type 6um1; 136 u6 23
In this section, we will complete our existence result for {4}-GDDs of type 6um1.
The vast majority of designs in the range 136 u6 23 are obtained by direct construc-
tion; for these 84 designs we will refer the reader to the Web site [16].
Theorem 4.1. Let 136 u6 23. There exists a {4}-GDD of type 6um1 for every m ≡
0mod 3 with 06m6 3u − 3, except possibly for (u; m)∈{(13; 27); (13; 33); (17; 39),
(17,42), (19,45), (19,48), (19,51), (23,60), (23; 63)}.
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Proof. We begin by constructing {4}-GDDs of types 615241 and 618331. We obtain
these designs by applying the WFC with weight 3 to the following {4}-GDDs of types
21581 and 218111. The construction method in each case is similar to that used in
Lemma 2.1.
{4}-GDD of type 21581:
Point set: Z30 ∪ ({a} × Z2) ∪ ({b} × Z5) ∪ {∞}.
Groups: {{0; 15}+ i; 06 i6 14} ∪ {({a} × Z2) ∪ ({b} × Z5) ∪ {∞}}.
Blocks: Develop each of the following +3mod 30.
0 1 3 25 1 18 24 29 2 11 28 29 3 24 26 a0
1 17 22 a0 0 12 29 b0 6 10 22 b0 5 9 28 b0
2 18 26 b0 1 4 23 b0 0 10 20 ∞ 1 11 21 ∞
2 12 22 ∞:
{4}-GDD of type 218111:
Point set: Z36 ∪ ({a} × Z6) ∪ ({b; c} × Z2) ∪ {∞}.
Groups: {{0; 18}+ i; 06 i6 17} ∪ {({a} × Z6) ∪ ({b; c} × Z2) ∪ {∞}}.
Blocks: Develop each of the following +3mod 36.
3 18 26 34 2 32 33 34 3 13 28 29 3 10 17 a0
18 22 24 a0 8 25 31 a0 12 15 32 a0 5 16 19 a0
2 27 29 a0 2 23 28 b0 3 12 31 b0 7 16 30 c0
3 32 35 c0 0 12 24 ∞ 1 13 25 ∞ 2 14 26 ∞:
To obtain a {4}-GDD of type 617451 we start with a TD(5,4) and remove all but one
of the points from a block to obtain a {4; 5}-GDD of type 3441 in which there is a
point x in the group of size 4 contained entirely in blocks of size 5. Apply Construction
1.10, setting (w(x); d(x)) = (6; 0) and (w(y); d(y)) = (9; 3) for all remaining points y
in the GDD to obtain a {4}-IGDD of type (27; 9)4(33; 9)1. Now apply Construction
3.2 with a = 6, >lling in {4}-GDDs of types 6491 and 6591. For a {4}-GDD of type
622601 we proceed similarly, starting with a TD(5,5) and removing all but one of the
points from a block. On the other hand, to obtain a {4}-GDD of type 622541, apply
Lemma 1.13 with n=8 and w=12 to yield a {4}-GDD of type 244481361. Then adjoin
x = 6 ideal points and construct {4}-GDDs of types 65 and 67 on each of the groups
of size 24 and 36 together with the ideal points. For {4}-GDDs of types 623m1 with
m= 51; 54 or 57 we proceed similarly, applying Lemma 1.13 with n= 8 and w = 14
to yield a {4}-GDD of type 244481421 and adjoining x = 3; 6 or 9 ideal points.
All remaining designs are considered in Table 2.
The main result of our paper (Theorem 1.6) now follows from Lemma 2.2, Theorem
3.7 and Theorem 4.1:
Theorem 4.2. There exists a {4}-GDD of type 6um1 for every u¿ 4 and m ≡ 0mod 3
with 06m6 3u−3 except for (u; m)=(4; 0) and except possibly for (u; m)∈{(7; 15),
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Table 2
u m Source
13 06m6 24; m= 30; 36 Theorem 1.1, [16]
14 06m6 39 Theorem 1.1, [16]
15 m= 15 {4}-GDD type 21551 [1, III.1.3, Theorem 1.33]; apply WFC
with weight 3
306m6 42 {4}-GDD type 304; adjoin x ideal points, x∈{0; 3; : : : ; 12}
and construct 65x1 on each of 3 groups with ideal points
06m6 12; 186m6 27 Theorem 1.1, above, [16]
16 06m6 45 Theorem 1.4
17 06m6 36; m= 48 Theorem 1.1, [16]
18 m= 15 {4}-GDD type 21851 [1, III.1.3, Theorem 1.33]; apply WFC
with weight 3
366m6 51 {4}-GDD type 364; adjoin x ideal points, x∈{0; 3; : : : ; 15}
and construct 66x1 on each of 3 groups with ideal points
06m6 12; 186m6 33 Theorem 1.1, above, [16]
19 06m6 42; m= 54 Theorem 1.1, [16]
20 06m6 57 Theorem 1.4
21 06m6 60 Corollary 3.3, {5}-GDD type 45
22 06m6 51; m= 57; 63 Theorem 1.1, Lemmas 1.2, 1.3, [16]
23 06m6 12 Construct a {4}-GDD type 65m1 on the group of size 30+m
in a {4}-GDD of type 618(30 + m)1
156m6 48; m= 66 Theorem 1.1, [16]
(11,21), (11,24), (11,27), (13,27), (13,33), (17,39), (17,42), (19,45), (19,48), (19,51),
(23,60), (23; 63)}.
5. Kirkman frames of type 12u(2m)1 and incomplete nearly Kirkman triple systems
In this section, we use Theorem 4.2 to complete the spectrum for incomplete nearly
Kirkman triple systems INKTS(v; w) where v−w ≡ 0mod 12. As an intermediate step,
we establish the existence of a class of Kirkman frames in which all but at most one
of the holes in the frame have size 12.
Theorem 5.1. There exists a Kirkman frame of type 12u(2m)1 for every u¿ 4 and
every m ≡ 0mod 3 with 06m6 3u− 3 except possibly for (u; m)∈{(7; 15); (11; 21),
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(11,24), (11,27), (13,27), (13,33), (17,39), (17,42), (19,45), (19,48), (19,51), (23,60),
(23; 63)}.
Proof. By Theorem 1.9, there is a Kirkman frame of type 124 which takes care of
(u; m)=(4; 0). For (u; m) = (4; 0) we take a {4}-GDD of type 6um1 (Theorem 4.2) and
apply Stinson’s fundamental frame construction (see [15]), using weight 2 and replacing
each block in the GDD with a Kirkman frame of type 24, to obtain a Kirkman Frame
of type 12u(2m)1.
Remark. It is not diLcult to establish that in a Kirkman frame of type 12uh1 we must
have either (u; h)=(3; 12) or u¿ 4; h ≡ 0mod 6 and 06 h6 6u−6 (in any Kirkman
frame, each hole must have even size, as to each hole H in the frame there correspond
|H |=2 holey parallel classes of triples that partition X \H (see [15]); now just consider
a holey parallel class of triples with respect to a >xed hole of size 12). Hence Theorem
5.1 establishes, up to 13 possible exceptional pairs (u; h) (where h=2m), the spectrum
for Kirkman frames of type 12uh1.
In order to prove Theorem 1.8, we use the following simple result which uses
Brouwer’s INKTS(18,6). (For the details of a special case of this construction we
refer the reader to [14, Lemma 21].)
Lemma 5.2. If there is a Kirkman frame of type 12uh1 then there is an INKTS(12u+
h+ 6; h+ 6).
Proof. Adjoin six ideal points to the frame and construct a copy of the INKTS(18,6)
on each of the u holes of size 12 together with the ideal points, in each case aligning
the hole in the INKTS on the ideal points.
The following is now an immediate consequence of Lemma 5.2, Theorems 5.1 and
1.7(ii).
Theorem 5.3. There exists an INKTS(v; w) for every v ≡ w ≡ 0mod 6 with w¿ 6;
v¿ 3w and v− w ≡ 0mod 12, except possibly for (v; w) = (336; 108).
Proof. From [4,5] we may assume that w¿ 78. Let h=w−6 and u=(v−w)=12. Then
h ≡ 0mod 6 and u¿ 2w=12=(h+6)=6, i.e. h6 6u−6. As u¿w=6¿ 13 and h=w−
6¿ 72 there is a Kirkman frame of type 12uh1 (Theorem 5.1) and so an INKTS(v; w)
(Lemma 5.2) for (u; h) ∈ S = {(17; 78); (17; 84); (19; 90); (19; 96); (19; 102); (23; 120),
(23; 126)}. Finally, INKTS(12u+h+6; h+6) for (u; h)∈ S \{(19; 102)} are constructed
by Deng [3], leaving the indicated possible exception.
Remark. The missing case INKTS(336,108) in Theorem 5.3 corresponds to the missing
Kirkman frame of type 12191021 in Theorem 5.1.
We now give a construction for an INKTS(336,108):
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Lemma 5.4. There exists an INKTS(336,108).
Proof. For an INKTS(336,108) adjoin two in>nite points to a resolvable (16,4,1)-BIBD
to obtain a {4; 5}-GDD of type 4421. Apply Construction 1.10 to this GDD, assigning
weight (9,3) to every point in the GDD except for one point on the group of size
2, which gets weight (6,0), to get a {4}-IGDD of type (36; 12)4(15; 3)1. Now adjoin
a = 6 ideal points to this IGDD and apply a modi>ed version of Construction 3.2,
constructing on each group of size 36 together with the ideal points a {4}-GDD of
type 65121, to obtain a {4}-IGDD of type 616(18; 18)1(51; 3)1 (there is no {4}-GDD on
21 points having a group of size 6 and a group of size 3, so we simply designate these
21 points as a hole). Now we assign weight 2 to each point in this IGDD to obtain an
incomplete Kirkman frame of type 1216(36; 36)1(102; 6)1 (setting Y to be the hole of
size 42 in the incomplete frame, the 18 holey parallel classes of triples corresponding
to the group of size 36 do not cover the 6 points of Y which are in the group of size
102; similarly, 3 of the holey parallel classes of triples corresponding to the group of
size 102 do not cover the points in the group of size 36). Denote by H1; H2; : : : ; H16
the groups of size 12, by A the group of size 36, by B the group of size 102 and by
C the set B \ Y in the incomplete frame. Let D = B ∩ Y . Adjoin a set I of six ideal
points to the incomplete frame. The hole in the INKTS(336,108) will be the point set
B ∪ I . On A ∪ D ∪ I construct an INKTS(48,12) (which exists by [4]), aligning the
hole on the points of D∪ I . Then construct an INKTS(18,6) (see Lemma 5.2) on each
Hi ∪ I , in each case aligning the hole on I . The holey parallel classes of triples in our
INKTS(336,108) arise as follows. Forty-eight of them come from the holey parallel
classes corresponding to the group B of size 102 in the incomplete frame which cover
the group A of size 36. A further three of them come from the 3 holey parallel classes
corresponding to the group B of size 102 in the incomplete frame which do not cover
the group A of size 36, taken together with three of the holey parallel classes in the
INKTS(48,12). Finally, the last two of them come from the 2 holey parallel classes in
the INKTS(18,6)s all taken together with the remaining 2 holey parallel classes in the
INKTS(48,12). The result is an INKTS(336,108), as desired.
Theorem 5.3 and Lemma 5.4 together give us our existence result for INKTS(v; w)s:
Theorem 5.5. There exists an INKTS(v; w) for every v ≡ w ≡ 0mod 6 with w¿ 6;
v¿ 3w and v− w ≡ 0mod 12.
6. Conclusion
We have determined, up to 13 possible exceptions, the spectrum for {4}-GDDs of
type 6um1. As a consequence we constructed a new class of Kirkman frames (of type
12uh1). In a forthcoming article, we will consider the general problem of constructing
Kirkman frames of type guh1, paying particular attention to the cases where g = 6
or 12.
G. Ge, R. Rees /Discrete Mathematics 279 (2004) 247–265 265
Since the >rst draft of this article was written, a complete solution to the embedding
problem for nearly Kirkman triple systems has been given, see [6].
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